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Experimental study of solid-liquid-type transitions in vibrated granular layers and the relation
with surface waves

Nicolás Mujica and Francisco Melo
Departamento de Fı´sica de la Universidad de Santiago de Chile, Avenida Ecuador 3493, Casilla 307 Correo 2 Santiago, Chile

~Received 26 July 1999; revised manuscript received 7 March 2000; published 19 December 2000!

From pressure and surface dilation measurements, we show that a solid-liquid-type transition occurs at low
excitation frequencies in vertically vibrated granular layers. This transition precedes subharmonic bifurcations
from flat surface to standing wave patterns, indicating that these waves are in fact associated with the fluidlike
behavior of the layer. At higher frequencies we show that another kind of subharmonic waves can be distin-
guished. These waves do not involve any lateral transfer of grains within the layer, and correspond to excita-
tions for which the layer slightly bends alternately in time and space. These bending waves have very low
amplitude, and we observe them in a vibrated two-dimensional layer of photoelastic particles.
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I. INTRODUCTION

In a driven granular system, such as a vibrated layer c
posed of macroscopic particles, energy is dissipated by
elastic collisions and by friction. Also, for realistic situation
the typical energy of a grain is many orders of magnitu
greater thankBT, so the temperature does not play an imp
tant role in the dynamics of these materials. However, i
commonly observed that granular matter behaves like so
liquids, or even gases depending on the energy injection
energy dissipation rates@1#. More precisely, the steady-sta
balance between these rates determines the residual ve
fluctuations, which in turn play the role of thermal fluctu
tions in these materials.

Surface waves excited by vertical vibrations provide o
of the most striking examples in which granular materials
like a fluid. For a granular layer, it was found that parame
waves can be observed whenever the dimensionless acce
tion G5A(2p f )2/g exceeds a critical value@2# ~hereg is the
acceleration of gravity,A is the amplitude of the vibrating
surface, andf is the frequency of the driving force!. The
primary instability resulted in a transition from a flat layer
a pattern of squares or stripes, depending on bothf and the
particle diameterd. As an illustration we present two typica
snapshots of these kinds of waves in Figs. 1~a! and 1~b!. It
was found that the crossover frequencyf d at which a square
to stripe transition occurs is proportional tod21/2. In addi-
tion, this scaling can be qualitatively understood in terms
the ratio of kinetic energy injected into the layer to the p
tential energy required to raise a particle a fraction of
diameter. At lowf, the horizontal mobility should be high
since the layer dilation is large@3,4#, whereas at largef, the
mobility should be low since the layer dilation is small@5#.
We note, however, that these waves are the correspon
hydrodynamic surface modes of the layer, since they req
a transfer of mass to be sustained@2,4,5#.

In this paper, we report on measurements of the pres
due to the layer-container collision and the surface and b
dilation of the layer. We show that there exists a criticalG
for which the flat layer undergoes a phase transition. T
critical G is smaller than the critical one at which wav
appear. At lowf this transition is a solid-liquid type, at in
1063-651X/2000/63~1!/011303~14!/$15.00 63 0113
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termediatef only a heating up of the surface layer is o
served, whereas at highf a compaction crossover is detecte
Thus our results show that granular surface waves are n
rally linked to fluidlike behavior, since they are observ
only when the energy input per particle is enough to indu
a minimal dilation of the flat layer. At highf and for the
same critical value ofG at which hydrodynamic waves ap
pear, bending waves are detected instead. In this regime
measurements show that the mobility of grains is alm
completely suppressed in both the bulk and the free sur
of the layer. In this case, a set of experiments conducted w
large photoelastic particles allows us to observe these wa
as an alternation of bright and dark zones that oscillate
time at half of the forcing frequency. In addition, we sho
for the low-frequency regime that whenG is increased to a
value close to 4.6, an inverse transition from a fluid to
compact layer is observed. This transition is responsible
the flat with kinks state reported in previous works@2# @see
Figs. 1~c! and 1~d!#. A brief summary of our results wa
given in Ref.@5#.

This paper is organized as follows: Section II is devot
to the description of our experimental setup. In Sec. III
present our pressure measurements and we establish the
to obtain density profiles and the bulk dilation from the e
perimental data. In Sec. IV we present surface dilation m
surements, and we discuss how they link to the bulk dilat
measurements. The energy dissipation rate in the vibra
layer is also estimated as a function of the excitation f
quency. Section V is concerned with a study of the very l
amplitude regime of surface waves, and its connection w
the compact state of the layer. Finally a brief discussion
given.

FIG. 1. Snapshots of the layer state at differents conditions
tained in a large cell.~a! Squares,f ;20 Hz, G53.0. ~b! Stripes,
f ;60 Hz, G53.0. ~c! Flat with kinks at f ;25 Hz, G54.7. ~d!
Flat with kinks atf ;60 Hz, G54.7.
©2000 The American Physical Society03-1
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FIG. 2. Schematic drawings o
~a! the experimental setup show
ing the cylindrical cell, the loca-
tion of the pressure sensor, an
the setup for reflectivity measure
ments; and~b! a fluidized granular
layer, wherea is the angle of in-
cidence and the white particles ar
those which compose the effectiv
surface layer.
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II. EXPERIMENTAL SETUP

In this paper we present two sets of experiments. In
first set, we simultaneously measure the pressure resu
from the collisions of the layer with the vibrating plate, an
the surface particle dilation. From the pressure meas
ments, we obtain information on the bulk dilation and de
sity ~Sec. III!. The surface dilation is determined through t
normalized reflected intensity of the surface layer~see the
discussion below!.

In Fig. 2~a! we present a schematic drawing of the expe
mental setup. In this experiment, a thin layer ofd
50.106–0.125 mm diameter bronze particles, 15 partic
deep, is placed at the bottom of a 40-mm-diameter and
mm-height cylindrical container. The container’s wall is L
cite, while the base is aluminum to reduce electrostatic
01130
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fects. The container is mounted on a high-frequen
response pressure sensor~PCB. Model 208A11! which is
driven by an electromechanical vibration exciter. The res
ing acceleration is measured to a resolution of 0.01g. A sec-
ond Lucite cylinder is used as a lid for the whole syste
allowing evacuation of the container to less than 0.1 Torr
this value volumetric effects of the gas are negligible@6#.
The surface of the layer is illuminated at low angle (20° w
respect to the horizontal! by an array of 18 light emitting
diodes organized in a 10-cm-diameter ring. The reflec
light from the surface layer is focused by a lens of 28-m
focal length on a flat photodiode of 25-mm2 area. The lens
aperture angle is about 12°. The whole system is autom
cally run by a Power PC computer equipped with analog-
digital converter~A/D! and general purpose interface b
~GPIB! boards.
3-2
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EXPERIMENTAL STUDY OF SOLID-LIQUID-TYPE . . . PHYSICAL REVIEW E 63 011303
With this setup, the measured intensityI is proportional to
both the incident intensity of lightI i and the reflectivity co-
efficient of the bronze particlesR (R;0.6). In fact, we can
write I in the form

I'N* s̄RIi , ~1!

whereN* is the number of particles that reflect light to th
sensor, ands̄ is a geometrical factor. There are several poi
that must be discussed.

~i! The physical meaning ofN* . In Fig. 2~b! we show a
schematic view of the granular layer in a fluidized state. O
way to characterize the granular layer is by defining an
fective surface layer as the set of particles that have a h
probability to be illuminated by a beam of light. We can al
define an average separation between grainsds , the surface
dilation, as the average separation between the nearest n
bors of this effective surface layer. In Fig. 2~b! the particles
marked in white are those which belong to what we call
effective surface layer. As the incident anglea is small ~re-
spect to the horizontal!, the probability for a ray of light to
go through this effective surface layer is very small. In fa
if ds is the distance between two particles of the surface la
~which are nearly in the same horizontal plane!, then a ray
would be able to go through only ifa.a* , where sin(a* )
5d/(ds1d). This gives us a condition for a critical dilatio
ds* ; for surface dilations smaller than this value, no rays c
directly reach inferior layers. Fora'20°, we find ds*
'2d. Compared with our experiments this value is qu
high, and it would only be achieved for strong fluctuations
the surface dilation; on average, the induced dilation is m
lower than this value~see Secs. III and IV!. Another impor-
tant point is that in the case that a ray could reach an infe
layer, it seems even less probable that its reflection would
able to reach the photodiode without being scattered by
other particle. Finally, we note that in the image of the
brated granular layer presented in Fig. 2~b! we have assumed
local isotropy; in this sense the effect of strong fluctuatio
of the surface dilation is considered to be small. Therefo
we finally conclude thatN* is mainly given by the numbe
of particles in the effective surface layer.

~ii ! The efects of multiple reflections. For a first reflectio
we note that on a single particle only a small ring refle
light in the direction of the solid angle of the lens. The su
face of this ring is a small fraction of the total surface of
particle, namely,s'0.05. Thus we neglect multiple reflec
tions, since their dominant contribution is proportional
bothR2 ands2, wheres2 represents the probability of havin
a secondary reflection within the solid angle of the came

~iii ! The meaning ofs̄. Considering the previous point
and energy conservation we conclude thats̄ is the area of one
particle that reflects light into the photodiode divided by t
area of the photodiode.

The intensityI, measured by the photodiode, can be th
taken to be proportional to the number of particles within
surface layer, or more precisely to the surface densityrs ,

I'rsAos̄RIi , ~2!
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where Ao is the area of observation (;1 cm2), and rs
5N* /Ao . Then we can relateI to the surface dilationds
through the definition

rs5
n̄

~d1ds!
2

, ~3!

where n̄ is an average coordination number that takes i
accout the disorder@3#. Thus we finally obtain the normal
ized reflected intensity

I

I o
'

d2

~d1ds!
2

, ~4!

where I o is a reference intensity for which we takeds50.
ExperimentallyI o is measured after a ‘‘fluidization’’ of the
layer, for many cycles, atG52.4 andf 540 Hz. Before each
measurement we set the initial state of the layer by this p
cedure. This initial state is not the most compact one acc
sible for the layer, so we can say that the initial state ha
characteristic roughness or, what is equivalent, a charac
istic initial surface dilation~which should be small!. Thus the
choiceds50 for I 5I o is just a reference value. We finall
remark that Eq.~4! is valid for homogenous layers~for layers
that have not undergone a subharmonic wave instability!.

The second set of experiments consists of vibrating a t
dimensional layer of photoelastic particles and taking ima
of the layer motion with a high speed charged-couple
device~CCD! camera. The goal is to observe the very lo
amplitude waves found in the high frequency regime. A c
made of two glass plates 400 mm wide by 100 mm high w
mounted on the moving platform of our vibrator system. T
gap between the plates is controlled by spacers of vary
thickness to a resolution of 0.05 mm. Images with resolut
of 2563256 pixels are captured at rates of 1200 frames
second by a Hisis 2002 CCD camera. Images are obtaine
transmission using parallel light with incidence perpendic
lar to the cell. Transmitted light is filtered through a polariz
whose axis is perpendicular to direction of polarization of t
incident light. More details are given in Sec. V.

III. PRESSURE MEASUREMENTS AND DENSITY
PROFILES

A. Experimental procedures and collision model

In Fig. 3~a! we present a typical pressure signalP(t) as a
function of time for f 540 Hz andG52.2. This signal is
composed of a sinusoidal component, corresponding to
force required to accelerate the cell, and of a peak seque
due to the layer-plate collisions. We are interested in
shapes of the peaks during the collision, so it is necessar
subtract the sinusoidal component. Then, from the pres
signal, we obtain several pressure peaks, typically betw
15 and 20, which only represent the pressure exerted on
plate during the collisions. As an illustration of this proc
dure, in Fig. 3~b! we present the average peak obtained fr
the peaks presented in Fig. 3~a!. To characterize the peaks o
a sequence like the one presented, we take the maxim
3-3
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valueP and the widthTc , which is a measure of the collisio
time. More precisely these quantities are obtained as the
erages of the sequence$P(k),Tc

(k)%, wherek is an integer that
indicates the collision number, i.e.,P5^P(k)& and Tc

5^Tc
(k)& where^ & denotes the sequence average. For the d

in Fig. 3, P52.4560.03 kPa andTc50.5260.01 ms. ~In
this caseTc is taken as the width at a pressure equal to
quarter ofP.!

Now, due to the impulsive nature of the layer plate co
sion, we write the scaling relation

P;
M

Ap

Vc

Tc
, ~5!

where M is the total mass of the layer,Ap is the active
surface of the plate, andVc is the layer-plate relative velocity
at the collision. If the collision takes place at a timet5 t̄ and
is completely inelastic, thenVc5Vp( t̄ )2Vb( t̄ ), whereVp
andVb are the plate and layer velocity, respectively. Thus
practice, we approximate the collision velocity by the o
predicted by the completely inelastic ball model. We no
that this model assumes that the layer immediately lose
its energy and takes on the velocity of the moving plate. T
is an idealization; what is true is that the energy of the la
is almost completely lost before the next takeoff@2,7#. Thus
what is well approximated is the velocity of the takeoff, a
thus the relative velocity at the collision. This approximati
is valid since previous experiments showed, by measu
the flight time of the layer, that the motion of the center
mass of the layer follows the motion of an inelastic b
@2,7#.

We remark that in our experiments, even close toG;1,
the vertical average bulk dilation of the layer,db , is never
strictly zero. This is concluded because the collision time
not determined by the Hertz theory. Indeed, experiments
formed by Falconet al. @8# showed that, in the case of
column ofN particles in contact (db50) colliding vertically
with a fixed plate, the collision time isTc5(N21)Tq1t1,
whereN is the number of particles,Tq is the time duration of
the momentum transfer from one particle to another, andt1

FIG. 3. ~a! Time evolution of the pressure signalP(t) for f
540 Hz andG52.2. In ~b! we present the averaged collision pe
obtained fromP(t), and we show the definition of the maximum
pressureP. The collision timeTc is the width of the peak at certai
height.
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is the collision time between two particles predicted by He
theory @9#. Now, for the particles used in our experimen
the orders of magnitude of these times areTq't1'1026 s
@10#. Then the predicted collision time for our three
dimensional layer should be of orderTc'1025 s. Neverthe-
less, in our experiments the minimum collision time o
served is of orderTc'531024 s ~for G;1, and for a wide
range of f ). The difference between what is expected fro
the Hertz prediction fordb50 and the experimental value
for Tc can be explained if the layer is slightly dilated at th
collision; a local dilation of 1% (db /d;0.01) drastically
changes the collision regime from the Hertz contact to b
listic collisions. Although this effect has interesting cons
quences on sound propagation, it does not affect the cent
mass motion of the layer. Thus, forG.1, we write the total
dilation of the layer asD5VcTc . If, in addition, we assume
that dilation is homogeneous, i.e.,D5Ndb , whereN is the
number of layers, we can write Eq.~5! as

P;
M

Ap

Vc
2

Ndb
. ~6!

Thus our procedure to measure the local bulk dilationdb is
the following: we fitP versusVc /Tc to obtain the numerica
factor of Eq.~5!, and we then use Eq.~6! to obtain the value
of db .

In the following, we will relate the layer density to th
pressure signalP(t). Figure 4 presents a schematic view o
collision. We consider that the plate collides with the gran
lar layer of densityr(z) at a velocityVc at timet50. Then,
the layer is initially fixed in space, and the plane (x,y,z
50) of the reference frame (x,y,z) coincides with the bot-
tom layer just before the collision@see Fig. 4~a!#. We also
note that the mass of the plateM p is much larger than the
massM of the layer (M /M p;0.01), so we neglect any ve
locity change of the plate due to momentum transfer. W
also neglect the variation of the relative velocity due to t
action of gravity, since experimentally we observe thatgTc
!Vc . Thus the force exerted on the plate due to moment
transfer is

F~ t !'
dm~ t !

dt
Vc . ~7!

Herem(t) is the mass that has collided with the plate at tim
t. Next we need to linkdm(t)/dt to r(z), measured in the
fixed frame (x,y,z). To do this we define the compressio
front zc(t) as the height~relative to the fixed frame! of the
mass that has been deposited on the plate at timet @see Fig.
4~b!#. We assume that all the compaction is occurring at
compression front, which is a reasonable approximati
Then the massm(t) accumulated on the plate becomes

m~ t !5ApE
0

zc(t)

r~z!dz, ~8!

whose derivative with respect to time is
3-4
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dm~ t !

dt
5Apr@zc~ t !#

dzc~ t !

dt
. ~9!

Now, at timet, the plate has moved a distanceVct from its
initial position, and the height of the layer with respect to t
plate can be written

h~ t ![
m~ t !

Apro
5

1

ro
E

0

zc(t)

r~z!dz, ~10!

where ro is the mass density of the layer in the compa
state. We then obtain

zc~ t !5Vct1
1

ro
E

0

zc(t)

r~z!dz. ~11!

Differentiating this equation with respect to time, we obta
the density evaluated at the location of the compression f
as a function of its velocityżc(t):

FIG. 4. Schematic of the collision.~a! shows the instantt50 at
which the plate colides with the layer. The velocity of the collisi
is Vc , and the density of the layer before the collision isr(z). ~b!
shows how the layer accumulates over the moving plate at an
stantt.0. We also present the definition ofzc(t) as the position of
the compresion front relative to the origin of the fixed fram
(x,y,z). In all the calculations the effect of gravity is neglecte
since experimentallygTc!Vc .
01130
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r@zc~ t !#5roS 12
Vc

żc~ t !
D . ~12!

Using this result in Eq.~9!, relation~7! for the force becomes

F~ t !

AproVc
5 żc~ t !2Vc . ~13!

Integrating this equation between 0 andt gives an expression
for the compression front as a function of time:

zc~ t !5Vct1
1

AproVc
E

0

t

F~ t̄ !d t̄. ~14!

In summary, from the pressure signalP(t)5F(t)/Ap , we
deduce the time evolution of the compression frontzc(t).
Also, we use Eq.~12!, which tells us about the time evolu
tion of the density at the compression front. Since the timt
enters as a simple parameter, we can obtain the density
function of zc , right before the collision.

Finally, we note that both Eqs.~12! and~13! are laws for
the conservation of mass and momentum through the c
pression front. It is possible to deduce from them the veloc
of the compression front and the pressure in the compre
part of the layer as implicit functions ofr@zc(t)#:

żc~ t !5
roVc

ro2r@zc~ t !#
,

F~ t !

Ab
5

ror@zc~ t !#Vc
2

ro2r@zc~ t !#
.

These expressions are generalizations of those obtaine
Goldshteinet al. @11# for the propagation of a shock wav
through an homogeneous layer of inelastic particles.

Before presenting our experimental results we will sh
that with Eq.~14! we can check the momentum conservati
of the collision. Evaluating it at timet5Tc ~hereTc is the
total collision time!, we obtain

zc~Tc!5VcTc1
1

AproVc
E

0

Tc
F~ t̄ !d t̄. ~15!

Since by definitionzc(Tc)5H1VcTc , whereH is the layer
thickness in the compact state andVcTc is the total displace-
ment of the plate during the collision, andro5M /HAp , we
find

E
0

Tc
F~ t̄ !d t̄5MVc . ~16!

B. Experimental results

We begin this section by presenting results concerning
momentum conservation relation@Eq. ~16!#. Experimentally
we have checked this for a wide range of paramete
namely, 1,G,Gw'2.8 and 35 Hz, f ,350 Hz (Gw is the
onset for parametric waves!. The main point is that, in our
experiment, the velocityVc calculated from the completely

n-
3-5
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FIG. 5. Averaged pressure
peaks as functions of time fo
various values of G and f
540 Hz. ForG52.98 the layer is
already in the wave regime.
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inelastic ball model is a very good approximation. As t
internal degrees of freedom of the layer are excited,
expects that this approximation becomes less accurate. H
ever, this only occurs in the wave regime where the take
velocity is reduced, and then both the collision velocity a
the flight time are smaller than predicted@2#.

There are other experimental effects that should be c
sidered. For instance, friction on the cell walls can trans
momentum to the layer. Another posibility, much less pro
able, is the transfer of momentum to the walls by the form
tion of dynamical arcs. Therefore, taking into account th
sources of errors and those due to mass measuremen
acceleration and pressure sensor calibration, we expect
the correct form of the momentum conservation to be

E
0

Tc
F~ t̄ !d t̄5Me f fVc , ~17!

whereMe f f is an effective mass, andVc is the velocity of
collision calculated from the completely inelastic ball mod
From this model, we know thatVc5gF(G)/ f , whereF(G)
is a nonanalytic function ofG, which is found numerically
@7#. From our data we then find that the scaling*0

TcF( t̄ )d t̄
;Vc is very well verified as a function of bothG and f. As
expected, we find thatMe f f is constant and it is about 10%
lower thanM.

In order to complete our description, it is necessary
estimate the granular density in the compact statero . This
quantity is in principle a dynamical variable, in the sense t
it depends on how we compact our layer. However, we n
that the important parameter in Eq.~14! is Apro5M /H.
Taking into account the previous discussion about the ef
tive mass of the layer and thatH'1.7 mm, we obtain
Apro'4.2 kg/m. Finally, for the force integration in Eq
01130
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~14!, we defineTc as the width of the pressure peaks at1
20 of

P. The results obtained are not sensitive to this cutoff.
Figure 5 presents averaged pressure peaks for severa

ues ofG at f 540 Hz. Each curve is obtained as an avera
of the pressure peaks of a pressure time series, in the s
way that for the curve presented in Fig. 3~b!. We note that
our analysis is valid for cases for whichG,Gw'2.8. Thus
the last pressure curve presented forG52.98 is shown to
display the difference of the parametric wave state; at
value ofG the collision is quite spread out in time, and th
maximum pressure achieved is also much smaller . We
discuss this point more in Sec. IV. For all the other press
curves presented, except aroundG;2, the intensity of the
collision seems to be an increasing function ofG, i.e., the
maximum pressureP increases. In a first order descriptio
we understand this as the simple fact that the relative ve
ity of the collisionVc is increasing withG, as it does in this
region of G in the completely inelastic ball model. What
not possible to explain with this model are the facts thaP
slightly decreases afterG;2, and that the collision timeTc
also seems to be an increasing function ofG. As discussed,
these observations are related to the excitation of the inte
degrees of freedom of the granular layer, i.e., the laye
dilated ~see below!.

In Fig. 6 we present the layer density as a function
height for each of the curves introduced in Fig. 5. In gene
the densityr(z) is approximately constant in a center regio
and decreases toward both ends of the layer. A penetra
length for the dilation of the layer can be identified. Th
length increases withG; for instance, it is of the order ofd
and 3d for G'1.4 and 2.4 respectively. Another fact th
traces back the dilatancy of the layer is that its thickn
increases withG; it is 14d for G'1.4 and 17d for G'2.8. In
the limit of G;1 we obtain that the density in the centr
part of the layer is close toro .
3-6
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FIG. 6. Normalized density
r(z)/ro , as a function of heightz,
for various values ofG and f
540 Hz.
a-

d
e

of
s

as
s-
Another interesting piece of information is the bulk dil
tion within the layer,d, as a function ofz. This quantity is
linked directly to the density asr(z)5 n̄mo /(d1d)3, where
n̄ is an average coordination number andmo the particle
mass@3#. Definingd50 for r(z)5ro , we obtain

d~z!

d
5S r~z!

ro
D 21/3

21. ~18!

Then, it is possible to findd(z) for all the data presente
previously, which is shown in Fig. 7. From this figure, w
can qualitatively examine the dependence ofd(z) on G, as
we did forr(z). For instance, as we increaseG, the top and
01130
bottom of the layer continuously dilate and the extension
the dilated part increases. The central part also dilates aG
increases; forG'1.4 andG'2.4 it is of the order of 0.004d
and 0.02d, respectively. We also note that forG'2.4, the
value d'0.1d is reached forz'2d and z'15d, while the
total height of the layer is approximately 17d.

At this point, it seems appropriate to define a quantity
the vertical average ofd(z); we do this because it is nece
sary to link it in some way todb . Therefore, we define this
average dilation as

^d&5
1

H8
E

0

H8
d~z!dz, ~19!
FIG. 7. Normalized dilation
d(z)/d, as a function of heightz,
for various values ofG and f
540 Hz.
3-7
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NICOLÁS MUJICA AND FRANCISCO MELO PHYSICAL REVIEW E63 011303
whereH8 is the total height of the layer. Note thatH8 de-
pends on the excitation intensity~i.e., it depends onG and
f ).

Figure 8 presentŝd& versusG for several excitation fre-
quencies. In the low frequency regime we observe that^d&
increases by a factor 3 aroundG'2. In contrast, at highf
this increase has a tendency to disappear, and we obs
that ^d& is roughly a linear function ofG. Complementing
the previous data, in the inset of Fig. 8 we present^d& versus
f for two values ofG, below and aboveG52. The average
dilation ^d& is a decreasing function off. We also presen
with continuous lines the fitŝd&; f b; we find b521.38
60.06 andb521.5860.03 forG51.5 andG52.4, respec-
tively. Similar behaviors are obtained fordb , as functions of
both G and f ~see Sec. IV!.

To conclude, in this section we presented measured p
sure peaks, which represent the pressure exerted on the
during the collision. From these we obtained density profi
and discussed these results in a qualitative way and fo
that dilation is a function of the vertical coordinate. The
results, which show that dilation is approximately constan
the bulk but increases sharply close to the free surface o
layer, are similar to the ones reported in previous works
one and two dimensions@12,13#. We also showed that at
low frequency of excitation, a critical value ofG'2 exists
where a change in the layer dilation takes place. This tra
tion will be discussed in detail in Sec. IV.

IV. PRESSURE AND REFLECTIVITY MEASUREMENTS

Both the time evolution of the pressure,P(t), and the
normalized intensityI (t)/I o , are represented in Fig. 9 fo
two values ofG when f is in the low frequency regime. Fo
G.1, the layer-plate collision is always visible in the pre
sure signal as large peaks. However, no trace of this collis
is observed in the reflected light up toG;2. Thus, for 1
,G,2, the layer is compact, indicating that the energy

FIG. 8. Normalized average dilation̂d&/d, vs G for various
values of f :(d) f 540 Hz, (n) f 555 Hz, (1) f 570 Hz, (L)
f 5120 Hz, and (*) f 5250 Hz. In the inset, we show the log-lo
plot of ^d& vs f for G5 1.5 (d) and 2.4(n). The continuous lines
show the fits ^d&5a fb for each G, with a50.3560.12, b
521.3860.06 anda51.2760.05, b521.5860.03, respectively.
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jected during the layer-plate collision is completely dis
pated by the multiple collisions between the grains or
friction. In contrast, forG.2 the time mean value of the
reflected light~the dc component! exhibits a strong decreas
that shows that the layer undergoes a transition from a c
pact state to a dilated state. A modulation in time~the ac
component! which oscillates at the forcing frequency is als
observed in the reflected light forG.2. This modulation is
in phase with the pressure peak. Indeed, immediately a
the pressure peak occurs, the reflected light increases,
cating that the layer was dilated during the free flight, a
that a small compression occurs due to the collision. Furth
more, when the layer takes off, surface dilation starts to
crease~a decrease in reflected light!.

We first emphasize that this increase in surface dilation
the result of the amplification of small differences in initi
conditions, for the free flight of the grains located at the lay
surface@14#. Such differences arise as a consequence of
random character of kinetic-energy injection; due to the r
dom packing of grains, a layer plate collision naturally i
duces velocity fluctuations in the layer. As shown in F
9~b! for G.2, the layer never reaches a compact sta
which would correspond to a higher value of the reflec
light @see Fig. 9~a!#. This result indicates that the kineti
energy, injected into the internal degrees of freedom of
layer, has not been completely dissipated within the cycl

To estimate the amount of energy not dissipated, we c
sider small changes ofI in time for early stages of the laye
expansion. We can then write

I ~ t !/I re f'122Dds~ t !/@d1ds~0!#. ~20!

HereDds(t)5ds(t)2ds(0), and thereference intensityI re f
is taken when the layer starts to expand, and correspond
a finite dilationds(0) at t50. From the slope of intensity
versus time for early stages of the layer expansion, we ob
a characteristic timet. Dimensionally t21;DVto /@d
1ds(0)#, whereDVto can be associated with the veloci
fluctuations at the taking off time of the particles located
the free surface of the layer. Experimentally, for 2,G
,Gw , t is close to 1/27 s, and is frequency independent.
the other hand, from our intensity measurements we can
duceds(0), andthen obtain an estimate ofDVto . Our results
show that the normalized velocityDVto /Vc increases lin-

FIG. 9. Time series obtained from pressure and intensity sen
for f 540 Hz, ~a! G51.2, and~b! G52.3.
3-8
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FIG. 10. Maximum pressureP, collision time
Tc , and normalized dc and ac components of
tensity vsG for f 540 Hz. In ~a! we present the
fitting of the maximum pressureP (d), with
Vc /Tc (n), whose magnitude is presented in th
right axis in units of m/s2.
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early with frequency like 231024f , varying from 0.01 for
low f (;35 Hz) to 0.04 for intermediatef (;200 Hz). Now
the feature of typical velocity fluctuations, or ‘‘temper
ture,’’ at the free surface of the layer arises: we note t
although most of the energy is dissipated, a small amoun
residual ‘‘thermal energy’’ is enough to sustain surface d
tion.

Concerning the energy injected into the layer during
collisions, we assume that the velocity fluctuations are
order Vc . For a two-dimensional granular layer this poi
was explored numerically by Labous@15#, and his results
showed that for short times the injected granular tempera
scales asVc

2 . Therefore, our results indicate that the ratio
residual to injection energies, (DVto /Vc)

2, increases withf.
This allows us to conclude the important fact that the ene
dissipation decreases withf. SinceVc;F(G)/ f , we find that
the energy dissipation decreases as the velocity fluctuat
decrease. A possible explanation for this is the depende
of the restitution coefficient on the velocity: it was recen
shown, in a generalized Hertz theory context, that the res
tution coefficiente scales as 12avn

a , wherevn is the rela-
tive normal velocity at the collision anda a constant that
depends on the elastic and dissipative parameters of the
ticles @16#. In this work, it was concluded that if the gravit
is negligible the parametera is positive, so the collisions
become less dissipative asvn decreases. On the other hand,
the gravity is taken into account, thena is negative and the
opposite is true.

We now focus on the transition from a compact state t
dilated state suffered by the layer atG;2. Figure 10 illus-
trates the pressure,P, the collision time,Tc , and the normal-
ized dc (I dc /I o) and ac (I ac /I o), components of intensity
versusG for f 540 Hz. P corresponds to the maximum pre
sure exerted on the plate during the collision, andTc here is
defined as the width of the pressure peak at a quarter o
height. In Fig. 10~a! we also present the numerical fit ofP
with Vc /Tc ; it is evident thatP;Vc /Tc , which is a natural
consequence of the impulsive nature of the periodic forci
At G;2, the dc component of the intensity exhibits a stro
decrease while its ac component abruptly increases. At
01130
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same value ofG there is a small decrease in the press
peak, and a small increase inTc , due to an increase in th
bulk dilation in the layer. This decrease in pressure was
ready observed by Umbanhowar@7#, and it is stronger for
particles with higher restitution coefficients; however,
correlation with reflectivity measurements was made to
vestigate the state of the layer. We emphasize that the for
transition occurs forG,Gw . At the onset of surface wave
(G5Gw), the pressure presents a strong decrease assoc
with the fact that layer-plate collision is spread out in tim
@7# @Figs. 10~a! and 10~b!#.

Using the considerations introduced in previous sectio
we calculatedb andds as functions ofG. This is presented in
Fig. 11 for f 540 Hz. To complete the data, we also prese
the average dilation̂d&, and we observe that the agreeme
with db is fairly good. Similar to what we found for̂d& ~Fig.
8!, we observe that bothdb and ds suffer transitions atG
'2. ForG,2 the bulk dilation is higher than the dilation a
the surface~which seems to be quite unreal! and ds takes
negative values. Both facts are due to the choice ofds50 for
I 5I o . In fact, we ignore the exact value ofds5ds

o for I

FIG. 11. Bulk dilationdb (d), mean dilation^d& (n), and
surface dilation,ds (*), vs G for f 540 Hz.
3-9
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FIG. 12. Maximum pressureP, collision time
Tc , and normalized dc and ac components of
tensity vsG for various values off : f 540 (d),
69 (n), 83 (.), 111 (L), 154 (j), 200 (s),
250 (l), and 350 (h) Hz.
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5Io , but we expect it to be small. Thus care must be ta
when comparing the bulk and surface dilations, the la
being a reference respect to the initial state. On the o
hand,ds,0 simply means that the surface layer reache
state that is more compact than the initial state. This is
lated to the fact that the initial state, consistent with o
experimental method~see Sec. II!, is not the most compac
packing of the layer.

Thus we say that forG,2 the state of the layer is solid
like, where the injected energy during the collision is dis
pated. Nevertheless, in this regime, the available energ
enough to produce a rearrangement of surface grains. I
the cases tested, the maximum compaction was never la
than 2% of the initial density. Consequently, we assoc
the increase inds anddb , observed at lowf andG.2 to a
solid-liquid-type transition. In the liquid phase, average di
tion is large enough to allow particles to move with resp
to each other. For lowf, at the critical valueG'2, the in-
jected energy rate becomes larger than the dissipation
and the energy excess sustains the dilation in the gran
layer.
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In Fig. 12 we include the frequency dependence of
same quantities presented in Fig. 10. As opposed to the
of low f, at high f and for G.2 the dc component ofI
increases slightly. This indicates that the layer surface
reached a state more compact than the initial one. In
regime, the maximum compaction achieved was about 1
higher than the initial density. It is very important to no
that the decrease in pressure associated with the wave i
bility is clearly observed over the entire range of frequenc
@Fig. 12~a!#.

Complementing Fig. 12, in Figs. 13~a! and 13~c! we
present the maximum pressure and the dc componentI
versusf for two values ofG, both smaller than the critica
one for waves, with one right below and the other rig
above the fluidization transition. Both the maximum press
and the jump in reflectivity decrease asf increases.

We also present the bulk dilationdb @see Fig. 13~b!# cal-
culated directly from the pressure through Eq.~6!. We find
that db scales asf b with b521.4260.07 andb521.54
60.03 forG51.5 and 2.3, respectively. These values are
very good agreement with those obtained for^d& @see Fig.
d

FIG. 13. Maximum pressureP, bulk dilation

db , normalized dc component of intensity an
surface dilationds vs f for two constant values of
G below the onset of surface waves:G51.5 (d),
and 2.3 (n). Bulk dilation scales asdb5a fb

with a50.7060.14, b521.4260.07 (d) and
a51.4360.05, b521.5460.03 (n), respec-
tively.
3-10
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8#, and they provide a consistency test for both kinds
measurements. These results indicate that the relevant q
tity is not only the ratio of the injected energy per particle
the potential energy required to rise a particle by a fraction
its diameter, in which casedb would vary as 1/f 2, but also
the dissipated energy. We note that our results contrast
those obtained by Ludinget al. in numerical simulations of a
column of particles in the completely fluidized regim
where the average dilation scales as^d&;(A f)2, which for
G constant becomeŝd&;(G/ f )2 @12#. However, similar
simulations done by the same group for a two-dimensio
layer @17# indicated that the layer expansion scales ashcm
2hcmo;(A f)3/2;(G/ f )3/2. Even though these results we
also obtained in a completely fluidized regime~typically G
.10), we observe quite a good agreement for thescaling on
f for the expansion of the layer.

On the other hand, information about the surface dilat
ds versus f is obtained using the intensity data asI /I o
'd2/(d1ds)

2 @see Fig. 13~d!#. For f .225 Hz, ds takes
negative values, which indicates that the surface laye
more compact than the initial one. However, in this regim
as shown in Sec. III, the bulk dilation increases withG but
remains very small:d/d;1023.

Finally, let us mention another interesting transiti
which links to the flat with kink instability reported in pre
vious works @2#. If we increase,G further, we find that a
period doubling is achieved atG'3.6, as reported befor
@18,2#. Next, for G'4.6, an inverse transition of the liquid
solid type is detected. Figure 14 shows a typical meas
ment of both reflected intensity and maximum pressure fo
wider range ofG. We detect that atG'4.6, P strongly de-
creases, and the mean value of intensity strongly increa
Using the results discussed previously, both changes refl
strong decrease of grain mobility. We note that the criti
valueG'4.6 corresponds toVc50 in the completely inelas
tic ball model, so in fact no energy is injected into the inte

FIG. 14. Maximum pressureP ~a! and dc intensity componen
I dc /I o ~b! as a function ofG for f 560 Hz. The vertical line indi-
cates the flat layer with kinks transition at whichVc50. At G
'3.6, as predicted by the inelastic colliding ball model for t
center of mass of the layer, a period doubling instability is o
served.
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nal degrees of freedom. We also conclude that no surf
waves can be sustained in this regime, except at the k
itself. Indeed, the shear induced at the kink by the flat pa
oscillating out of phase is large and enough to induce d
tion. At low frequencies, this dilation is enough to allo
hydrodynamics waves, like those shown in Fig. 1~c!. As G is
increased further, the pressure increases and the reflec
decreases. Thus the energy injection again becomes s
cient to sustain surface waves in the layer. This fact is c
sistent with the existence off /4 waves reported previousl
@2#. We note that forG54.6 the maximum velocity of the
plate isAw'0.12 m/s; this confirms that the relevant sca
of velocity fluctuations is given byVc and notAw.

The experimental results presented above can be sum
rized as follows. Depending on the excitation frequency,
observe different kinds of states and waves. At low f
quency, the bulk and surface dilations present strong
creases which are associated with a fluidization transit
Surface waves observed in this regime involve relative m
tion between particles, and are therefore considered as
drodynamic modes of the layer. At intermediatef, although
the injected energy is small, we still observe a decreas
reflectivity as a function ofG. In this regime, as shown in
Fig. 13~b!, db is too small (db /d,0.1) to allow motion be-
tween the particles. Therefore, at the criticalG, the decrease
of reflectivity is the signature of particles fluctuating arou
their positions at the free surface of the layer. We assoc
this decrease with a heating up of the solid phase. For hig
frequencies, the layer undergoes a compaction cross
which is detected by an increase in the surface density.
low and above this crossover the local bulk dilationdb /d is
even smaller and is of order 0.005, implying that the mob
ity in both the bulk and the free surface is completely su
pressed. Thus the very low amplitude surface waves,
tected in the compaction regime by the strong decrease in
maximum pressure, must correspond to excitations in wh
the layer is slightly modulated in time and space. We w
show in Sec. V that these waves are bending waves, as
ated with the ability of the compact layer to deform itse
Finally, Fig. 15 presents a phase diagram for the gran
layer: phase boundaries separating the various states and

-

FIG. 15. Phase diagram showing layer state and surface w
transitions. The vertical dashed line atf 5225 Hz defines the fre-
quency above which the layer strictly undergoes a transition t
state more compact atG;2.
3-11
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face waves were obtained from the data in Fig. 12. The la
state and surface wave transitions occur for approxima
constant values ofG independent off.

V. LOW AMPLITUDE WAVES: BENDING WAVES

To check the existence of these waves, we have
formed a set of experiments in a two-dimensional granu
layer. The advantage of using a two-dimensional system
that this allows us to obtain side views of the waves. This
of particular importance, since bending waves are difficul
visualize as they have amplitudes of the order of 50% o
particle diameter.

In order to observe such small amplitudes, we have u
photoelastic cylinders of 6 mm in diameter and 6.35 mm
length. Typical excitation frequencies are about 40 H
which for this system are in the high frequency regime. W
recall that this regime occurs for frequencies much lar
than the frequency crossoverf d;Ag/d. When varying the
deepness of the layer~the number of particles isN), this
scaling becomesf d5Ag/Nd @19#. In the case of bronze par
ticles of d'0.12 mm, bending waves are detected forf
.225 Hz. This tells us that these waves should be obse
at f '40 Hz, ford56 mm, and for a layer about ten partic
diameters thick. With these parameters, forG;3.5, the am-
plitude of waves should be of the order of 1 mm.

Typical snapshots of two stages of bending waves aG
53.5, f 540 Hz, andN510 are presented in Figs. 16~a! and
16~b!. We observe that the layer bends slightly with resp
to the horizontal. Similar to what occurs for low frequen
waves, this modulation alternates in time at half of the f
quency forcing~see below!. However, in this case, the wave
length of the modulation is about a layer thickness, and
also nearly independent off. Some particles are marked wit
black spots which allows us to distinguish them and follo
their trajectories@see Figs. 16~a! and 16~b!#. As expected, the
mobility of the particles is very low. Only at the surfac
layer will some particles move with respect to each ot
over distances of the order of the driving amplitude. In t
bulk this motion is completely suppressed.

Additional support for these low amplitude waves is pr
vided in Fig. 16~c!, in which a compaction front that move
laterally is observed as a bright zone. This image res
from the difference of two consecutive snapshots~the period
of acquisition is about 0.8 ms!. At a compression zone, th
stress in the particles is high so the light is transmitted. T
the difference of images mainly shows the zones un
stress. In the case presented the compression front m
from right to left, and the collision occurs very near the rig
boundary of the image. In the next cycle the collision occ
near the left boundary and the compression front travel
the right. With a wider view of the layer we observe that
fact two compression fronts are created from each collis
point; one front travels in each direction. This kind of vis
alization allows us to safely say that these parametric wa
are also subharmonic, i.e., their frequency isf /2. Finally,
from the images we estimate the velocity of the compress
front of the order of a few meters per second. This value
very high compared to the estimated velocity at the collis
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FIG. 16. Typical snapshots of bending waves forf 540 Hz and
G53.6. In ~a! and~b! the white horizontal lines show that the laye
bends itself about half a diameter. Both states alternate in time
the frequency of oscillation. In~c! we present the difference of two
images during a collision. The bright zones correspond to regi
under high stress. In this case the compression front travels to
left.
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Vc'0.25 m/s; this indicates the existence of contact a
@see the contact lines in Fig. 16~c!#, so, as expected, th
average bulk dilation is very small.

VI. CONCLUSIONS

In conclusion, depending on the excitation frequency,
observe different kinds of states and waves. Our experim
tal results reveal the existence of a solid-liquid-type tran
tion that precedes the subharmonic wave instability. Hyd
dynamic surface waves can be then considered as the na
excitations existing in a fluidized granular layer. In contra
very low amplitude surface waves detected in the comp
tion regime correspond to excitations in which the lay
slightly bends alternatively in time and space. We saw
Sec. V that these waves are in fact associated with the c
pact character of the layer. The layer states observed an
surface wave transitions occur for approximately const
values ofG, independent off.

Additional experimental evidence for the fluidization tra
sition experienced by the layer atG;2 can be found in Ref.
@20# ~See for instance, Fig. 6 in Ref.@20#!. Although they
used rather large particles at small forcing frequencies,
find that their experiments are actually in the low frequen
regime after estimating the frequency crossover. Indepen
experimental evidence for the compaction crossover can
be found in previous works. For instance, a strong incre
in granular density was found, close toG;1.9, in several
experiments on large columns of grains submitted to ‘‘tap
of a single cycle of vibration@21#. In this case, applying the
scaling to the frequency crossover, we found consiste
that these experiments correspond to the high freque
limit. Therefore, we conclude that both fluidization as well
compaction transitions are well established experimenta
However, it is still unclear what mechanisms dominate th
transitions, and why they arise at a constant value ofG. We
can only safely say that at low energy injection rates,
equivalently at small plate amplitudes with respect to
R.
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thickness of the layer, the transition will be of the compa
tion type. In the opposite case of high energy injections ra
this transition will be of the fluidization type.

We have also shown that for the range ofG considered,
the relevant scale of velocity fluctuations is given byVc and
not Aw. Then, via intensity measurements, we deduced
the dissipation decreases asf increases. This is equivalent t
stating that dissipative effects decrease as the velocity fl
tuations decrease. As a possible mechanism we noted
dependence of the restitution coefficient on the collisio
relative velocity, e;12avn

a . This argument seems plau
sible if the efective gravity during the collisions is negligibl
As the packing of grains is random it is reasonable to exp
isotropy in the collisions; then the gravity could be less i
portant. Up to now, we could not conclude about this p
sible mechanism, and more work should be performed in
direction. As a last remark, as the frequency is increased
the dilation is reduced, we expect that the friction betwe
grains will become an important dissipative mechanism.

Finally, the importance of the bulk and surface dilatio
measurements is that they provide a complementary wa
explore the excitation of the internal degrees of freedom o
vibrated layer. For the dilation in the bulk we have foun
that, for a constant value ofG, it is a decreasing function o
f of the form 1/f b, with b'3/2. This agrees with previou
simulations of a two-dimensional layer@17#. It is clear that
the deviation from the expected valueb52 is due to dissi-
pative effects, but the exact numerical value seems to dep
on G.
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